Recently, the crystal symmetry-protected topological semimetals have aroused extensive interests, especially for the nonsymmorphic symmetry-protected one. We list the possible nonmagnetic topological semimetals and develop their k·p Hamiltonian in all layer groups with multiple screw axes in the absence of spin-orbital coupling. We find a novel cat's cradle-like topological semimetal phase, which looks like multiple hourglass-like band structures staggered together. Furthermore, we propose the monolayer borophene and borophane with pmmn layer group as the first material class to realize such novel semimetal phase. A pair of tilted anisotropic Dirac cones at the Fermi level is revealed in the two-dimensional boron-based materials and the low-energy effective models are given. Moreover, akin to three-dimensional Weyl semimetal, the topological property of these cat's cradle-like Dirac semimetals can be verified by the calculation of quantized Berry phase and the demonstration of flat Fermi-arc edge state connecting two Dirac points as well. Our finding that borophene and borophane are cat's cradle-like Dirac semimetals is of great interest for experiment and possible applications in the future.
I. INTRODUCTION
The existence of massless Dirac fermion in graphene has brought about novel properties [1] [2] [3] [4] [5] such as ultrahigh carrier mobility, half-integer quantum Hall effects, Klein tunneling, etc. The concept of semimetal state has been extended from Dirac semimetal to nodal line semimetal 6, 7 , which has a loop of gapless crossing points in the Brillouin zone (BZ). It is known that the crystal symmetry plays a crucial role for the emergence of various topological semimetals in both two-dimensional (2D) and three-dimensional (3D) systems [8] [9] [10] [11] . For example, the space inversion and time reversal symmetries protect Dirac cones in 2D systems 12 and Dirac nodal lines in 3D systems [13] [14] [15] , the mirror symmetry protect Dirac nodal lines on the mirror-invariant plane [16] [17] [18] . Recently, nonsymmorphic symmetries, including slide mirror or screw axes operations, are discovered to guarantee the so-called symmetry-enforced semimetal with certain integer electron filling, which is unavoidably formed because of the unique band connectivity [19] [20] [21] . For instance, a screw axis can protect a two-dimensional fourfold-degenerate Dirac point at the BZ boundary in the presence of spin-orbit coupling (SOC) 8 , which has been proposed in monolayer HfGeTe 22 . On the other hand, another kind of nonsymmorphic semimetal that originates from band inversion and is protected by one screw axis has been proposed and realized in monolayer WTe 2 23 in the absence of SOC. Motivated by those remarkable works, we are going to ask whether there are new nonsymmorphic semimetals when two or more screw axes are presented.
In this paper, we generalize the nonsymmorphic semimetals due to band inversion mechanism from one screw axis to two or more screw axes for centrosymmetric and non-centrosymmetric systems, respectively. Both hourglass-like and cat's cradle-like Dirac semimetals, as well as nodal line semimetals are obtained. Those topological semimetal phases are clearly exemplified in 2D borophene (B 8 ) 24 and borophane (B 2 H 2 ) 25-27 with pmmn layer group. The emergence of different semimetal phases can be indicated by the eigenvalues of screw and inversion operations for the inverted bands and the corresponding topological properties are clearly verified by the quantized π Berry phase in the bulk states and flat Fermi-arc edge states connecting two Dirac points. The Z 2 number in the absence of SOC can predict the topological property when the SOC effect is included and the nontrivial gap is opened at the Dirac point. We believe our results may stimulate further research interest on 2D Dirac materials with nonsymmorphic symmetries.
II. NONSYMMORPHIC SEMIMETALS FROM BAND INVERSION
There are twelve layer groups with equal to or more than two screw axes in all the 80 layer groups. 46) , which only include two generators C 2x and C 2y , and three generators C 2x , C 2y and P , respectively.
Here we first focus on the centrosymmetric layer group pmmn. The generators of pmmn contain two screw operations ( C 2x = {C 2x |a/2}, C 2y = {C 2y |b/2}) and an inversion operation P . Other symmetry operations of pmmn can been created as follow:
Taking advantages of two screws axes and time reversal symmetry T , we first demonstrate the symmetryenforced double-degeneracy of Bloch states along the BZ boundaries which in fact forms a nodal line. Then we consider band inversion around Γ point and acquire an hourglass-like and cat's cradle-like Dirac semimetal states. Defining joint symmetry operations T x = C 2x T and T y = C 2y T respectively, and taking T x as example, it has the relation:
When k x = 0 or π, T x communicates with H(k). On the other hand, we have T 2 x = e ikx . Thus, along MX path (k x = π), T 2 x = −1 will result in Kramers-like degeneracy. Similarly, T y can protect the two-fold degeneracy along MY path. Therefore, as shown in Fig. 1 , all bands are double degenerate forming nodal lines at BZ boundaries but are splitting inside the BZ. For a system with electron number of 2n (ignore the spin degrees of freedom), if there is no band inversion happening between two pairs of bands, the system is insulating as shown Fig. 1(a) . However, if band inversion happens at Γ point between two pairs (labelled as α and β) of bands, a pair of Dirac points protected by the screw axis will emerge as shown in Fig. 1(b) . The band structure shows an interesting hourglass-like dispersion, and we note it as an hourglass-like Dirac semimetal when the Fermi level crosses the Dirac point. Moreover, if band inversions happen between three pairs of bands (labelled as α, β and γ), two hourglass-like structures will stack up and form a cat's cradle-like Dirac semimetal as shown in Fig. 1(c) . It is worth noticing that those two topological semimetal states are only protected by two screw axes and time reversal symmetry, irrelevant with the inversion symmetry. Thus, such novel topological semimetal states can also be found for 2D materials with layer groups including equal to or more than two screw axes. 
III. CLASSIFICATION OF NONSYMMORPHIC SEMIMETALS
Based on the eigenvalues of three independent operations ( C 2x , C 2y , P ), we are going to give all possible symmetry-protected semimetal phases for the pmmn layer group. The eigenvalues of a symmetry operation for two inverted bands can either be the same or opposite. With three operations, we can get eight different cases in principle. By discarding two equivalent cases because of equivalence of x and y directions and one case that can not support semimetal state, we actually discover five distinctive topological semimetal states listed in Table I . The eigenvalues of C 2x , C 2y , P are given and the eigenvalues of M x , M y and M z are derived from Eq. (1). The Z 2 numbers can be calculated based on the famous parity criterion 28 , where Z 2 = 1 means it is a topological insulator and Z 2 = 0 means it is a normal insulator when SOC effect is taken into consideration and a gap is inevitably opened.
Moreover, we are going to give two-band k·p models centered on Γ point for the five topological semimetal states. Generally, an effective k·p Hamiltonian can be 
where τ 0 is the identity matrix and τ x,y,z are the Pauli matrices. The time reversal operation can be taken as a complex conjugation operator for the SU(2) symmetry, and a crystal symmetry operation can be written as τ z (τ 0 ) if its eigenvalues have the opposite (same) signs for two bands at Γ point. The constrains from those symmetries require the following conditions:
Combing Eqs. (3) and (4), we can finally obtain the k·p models for the five topological semimetal phases in Table I .
The band structures for five topological semimetal states are exhibited in Fig. 2 . Specifically, for type-I case in Fig. 2(b) , two bands are inverted at Γ point that forms an hourglass-like Dirac semimetal as predicted in Fig. 1(b) . Noting that the cat's cradle-like Dirac semimetal state shown in Fig. 1 (c) also belongs to type-I case when similar band inversion processes happen between three pairs of bands. A pair of Dirac points located along ΓY path are individually protected by C 2y and M x . The Dirac points are robust as long as any one of those symmetries is reserved. For instance, imposing a vertical electric field breaks C 2y symmetry but leaves M x symmetry, and the Dirac points still survive. The Z 2 = 1 for type-I case in the Table I indicates it will become a topological insulator when the SOC effect is included, which breaks SU(2) symmetry and opens a topological nontrivial gap. The k·p model Hamiltonian approximated to the second order for type-I case is written as: of bandstructure, i.e., tilting effect. It is obvious to see that above Hamiltonian will give a pair of Dirac cones at (k x0 = 0, k y0 = ± m 0 /m 2 ).
In Fig. 2(c) , for type-II case, there are two pairs of Dirac points located along ΓX and ΓY paths, respectively. The Dirac point along ΓY is individually protected by C 2y and M x , while the Dirac point along ΓX is individually protected by the C 2x and M y . Similarly, a vertical electric field can not destroy those Dirac points because of remaining M x and M y symmetries.
We can see its Z 2 = 0 in the Table I , because two inverted bands have the same parities at Γ point. Thus the system will be a normal insulator when considering SOC effect. The k·p model Hamiltonian for type-II case can be written as:
which gives one pair of Dirac cones at (k x0 = ± m 0 /m 1 , k y0 = 0) and the other pair of Dirac cones at (k x0 = 0,
For type-III, IV, V cases, a Dirac Nodal line (DNL) state emerges as shown in Figs. 2(d) ,(e),(f). The DNL is protected by the opposite eigenvalues of M z operation. The corresponding k·p model Hamiltonian for those three types can be written as:
which can give a loop of band crossing points centered at Γ point, namely a nodal line, in the BZ. Although, those three DNL phases share the same k·p model, they response differently to external perturbations. For example, imposing a vertical electric field will break M z , P , C 2x and C 2y , but leave M x and M y . As a consequence, a general mass term δH is introduced and the DNL structure is destroyed. For type-III case, the mass term δH III = ∆ 3 k x k y τ x is introduced to Eq. (7), and the new Hamiltonian H III + δH III gives two pairs of Dirac points, which are protected by the opposite eigenvalues of M x and M y operations respectively. For type-V case, the mass term δH V = ∆ 5 k x τ y is introduced to Eq. (7), and the new Hamiltonian H V + δH V presents a pair of Dirac points because of opposite eigenvalues of M x operations. Finally, for type-IV case, an additional term δH IV = ∆ 4 τ x is introduced to Eq. (7), and H V + δH V depicts a normal insulating state.
For the non-centrosymmetric layer groups p2 1 2 1 2 in category II, two screw axes C 2x and C 2y can only protect Dirac points along ΓX and ΓY paths, respectively when the band inversion happens. Based on the eigenvalues of those two operations, it also gives type-I and type-II semimetal phases as listed in Table I .
IV. APPLICATION TO BOROPHENE AND BOROPHANE
Recently, an atomically thin crystalline, 2D boron sheets named as borophene with different forms [29] [30] [31] [32] [33] [34] [35] , have been experimentally synthesized. Especially, a Dirac cone was observed in boron sheet according to ARPES measurements 36, 37 . Meanwhile, several 2D Dirac materials with Dirac cones have been proposed in boron-based materials [25] [26] [27] [38] [39] [40] [41] . Among them, the 2D borophene (B 8 ) and borophane(B 2 H 2 ) sharing the nonsymmorphic layer group of pmmn which exactly contains two screw axes in x and y directions. In the following, we applying our results to B 8 and B 2 H 2 systems and discover the cat's cradle-like and hourglass-like semimetal states in those two materials.
A. Crystal structures of B8 and B2H2
The geometric structures of B 8 and B 2 H 2 are displayed in Fig. 3 . As shown in Fig. 3(a) , there are two inequivalent boron atoms in the unit cell, one is located at Wyckoff position 4f(0.315, 0.000, 0.480) and the other at 4e(0.000, 0.253, 0.445). All boron atoms form an archlike sheet. For B 2 H 2 in Fig. 3(b) , there is a boron atom at Wyckoff position 2b(0.500,0.000,0.522) and a hydrogen atom at 2b(0.500,0.000,0.588). It can be regarded as a 2D borophene sheet, which has been experimentally synthesized 29 , passivated with hydrogen atoms from each side alternately.
Both crystal structures have two screw axes: C 2x = {C 2x |a/2} and C 2y = {C 2y |b/2} as displayed in Fig. 3(b) . The inversion center locates at the crossing point of two screw axes. The fully optimized lattice parameters are a = 4.523Å, b = 3.260Å for B 8 and a = 2.822Å, The first-principles calculations are performed based on the density functional theory (DFT) by using the Vienna ab initio simulation package (VASP) 42 with projector augmented wave (PAW) 43 . The exchangecorrelation part is described with the generalized gradient approximation (GGA) 44 in the scheme of Perdew-BurkeErnzerhof (PBE) functional 45 . To confirm the convergence of calculations, the kinetic cutoff energy is set as 450 eV, and a Γ centered k-mesh of 15 × 11 × 1 is employed. The lattice vector along c direction is chosen as 20.0Å, which is large enough to avoid interactions between adjacent layers. The maximally localized Wannier functions (MLWF) are obtained by Wannier90 code 46, 47 .
B. Cat's cradle-like bandstuctures
The band structures of monolayer B 8 and B 2 H 2 are shown in Fig. 4(a) and (b) . We can see two common features of those bandstructures. Firstly, all bands are double-degenerate along the BZ boundary (e.g. XM and YM paths) and come into pairs. Secondly, all the doubledegenerate bands are splitting inside BZ. Those two features result from two screw rotation symmetries as discussed in part II. What's more interesting is the emergence of Dirac points along ΓY path at the Fermi level, which belongs to the type-I case in Table I . Taking B 8 case for example, as shown in Fig. 4(d) , one band from pair β inverted with one band from pair γ around Γ point that gives birth to the Dirac points at Fermi level. Meanwhile, band inversion also happens between pair β and pair α which in fact couples three pair of bands together and forms a cat's cradle-like Dirac semimetal state as depicted in Fig. 1(c) . In Fig. 4(e) , within the energy range between -13 eV and -5 eV, we discover two pairs of bands (α and β) are inverted forming an hourglass-like structure as predicted in Fig. 1(b) . In Fig. 4(f) , we find a pair of lowest valence bands isolated from all other bands, which belongs to the case shown in Fig. 1(a) .
For two Dirac points around the Fermi level, utilizing the k·p model given in Eq. (5), we expand the Hamiltonian to the linear term around two Dirac points K D = (0, ± m 0 /m 2 ) and obtain the low-energy effective k·p model as following:
The κ = ±1 is the valley index, u x,y are Fermi velocities near the Dirac points. The w y k y σ 0 describes the tilt term, which can give type-II Dirac cone if w y is larger than u y as what happens in monolayer WTe 2 . By fitting k·p model with DFT result, we get these velocities as u x =5.2×10 5 m/s, u y =8.0×10 5 m/s, w y =3.4×10 5 m/s for B 8 , and u x =7.7×10 5 m/s, u y =13.9×10 5 m/s, w y =3.5×10 5 m/s for B 2 H 2 . Obviously, a remarkable anisotropy effect can be realized in both of this system, which provides a platform to study the intriguing physical properties related to the anisotropy.
C. Topological properties and edge states
Above we have shown the nonsymmorphic symmetry protected cat's cradle-like Dirac semimetal in B 8 and B 2 H 2 . Here we further reveal its topology nature by defining a k-dependent Berry phase and demonstrating corresponding nontrivial edge states. The Berry phase is defined as:
where u n (k) is the periodic component of Bloch wave functions and the integral takes for all the occupied bands. With symmetry constraint, the Berry phase must be quantized to 0 or π modulo 2π 48 for any screwsymmetric momentum loops. As shown in Fig. 5(a) , we do the integral in Eq. (9) along k x direction and get k ydependent Berry phase. We can see the Berry phase is π for any k y in the region of [−K D , K D ] and is zero outside this region. Comparing it with the band structure, we find the jump of Berry phase is accompanied with the gap closing and reopening process along k y direction. The nonzero Berry phase indicates charge pumping 49 at the edge of the system. From those perspectives, the Dirac point in 2D BZ is analogous with the Weyl points in 3D BZ where the nonzero Berry phase (Chern number) appears for the integral over any 2D plane between a pair of Weyl points with opposite charities.
Like in the 3D Weyl semimetals, the existence of topological edge states or Fermi arc is expected in the 2D Dirac semimetals. In Fig. 5(c) , we build a nanoribbon of B 2 H 2 with width of 28.50Å, which is periodic only in y direction. The band structure is displayed in Fig. 5(b) , where we can see a pair of Dirac points in the bulk are projected in one dimension BZ and the topological edge state emerges from one Dirac point to the other Dirac point inside region [−K D , K D ] with nontrivial π Berry phase. In order to demonstrate the distribution of the edge state, we plot its charge density in real space in Fig. 5(c) , which is well-localized at the edge atoms. This edge state originates from the topological nature of Dirac point and is robust against external perturbation that can provide an ideal conducting channel in transport.
D. Response to the strain and electric field
To test the symmetry protected nature of Dirac cone in cat's cradle-like Dirac semimetal, we impose both biaxial strain and uniaxial strains along a and b directions for B 8 and B 2 H 2 . Under 10% strains, we can see the Dirac cone at Fermi level and band degeneracy along the BZ boundary are nearly unchanged. Thus, the strains can not change the cat's cradle-like bandstructure. However, we find that the position of Dirac point slightly moves toward Y (Γ) when the extensive strain is applying extensive uniaxial strain along a (b) axis. On the other hand, by applying a vertical electric field, the inversion symmetry (P ) and screw symmetries ( C 2x , C 2y ) are broken while the mirror symmetries ( M x , M y ) are remained. Thus, the degenerate bands at the BZ boundary are splitting as shown in Fig. 6(g),(h) . Nevertheless, as we have demonstrated that the Dirac point is individually protected by any one of the C 2y , M x , so the Dirac cone at Fermi level is still reserved because of M x . From this perspective, the Dirac cones in B 8 and B 2 H 2 are very robust against external strain and electric field that may provide excellent transport performance in experiment.
In the end, we consider the impact of SOC effect, and find there is almost no visible difference between the band structures with and without SOC except at Dirac point where a extremely tiny gap is induced by SOC effects that make the systems to be topological insulators. The nontrivial gaps opened by SOC are 0.03 meV and 2.25 meV for B 8 and B 2 H 2 , respectively, which is negligible in experiment.
V. CONCLUSION
Recent experimental discovery of Dirac semimetals in 2D materials beyond graphene, such as few-layer black phosphorus 50 and β 12 /χ 3 -borophene 36, 37 , have attracted extensive attentions. In those Dirac semimetal materials, the symmorphic symmetry like space inversion or mirror reflection symmetry plays the crucial role. On the other hand, the monolayer WTe 2 is presented as the first example of nonsymmorphic semimetals protected by one screw axis in the absence of SOC, which is diagnosed by a topological invariant associated with a non-Abelian Berry gauge field. However, the nonnegligible SOC of WTe 2 make it a significant topological insulator 51, 52 , which can realize quantum spin Hall effect at the temperature of 100K. In this paper, we have expanded the nonsymmorphic semimetal from one screw axis to multiple screw axes, and we found the novel cat's cradle-like Dirac semimetal which is protected by certain nonsymmorphic layer groups with multiple screw axes and originated from band inversion mechanism. Such novel topological semimetal phase is first proposed in monolayer B 2 H 2 (B 8 ) which is possibly synthesized by hydrogenation of 2D borophene sheet. Finally, we demonstrate its topological properties by the calculation of quantized Berry phase along the symmetric-loop and flat Fermi-arc edge states of nanoribbons. We expect that the new nonsymmorphic semimetal with cat's cradle-like band structure can give fascinating properties in future experiment.
